ANALYTIC GEOMETRY
of the EUCLIDEAN SPACE E3



PLANE

Plane in the space is uniquely defined by

1.

A

three different non-collinear points
two intersecting lines

two different parallel lines

line and point not on this line

point and direction perpendicular to the plane



Plane can be uniquely determined by an arbitrary point P
and vector N perpendicular to the plane.

Any non-zero vector N, which is perpendicular to the
plane, is called normal vector to the plane.



For an arbitrary point X of the plane p holds

PX I n<>PX.n=0 n = (a,b, c)
A P:(XP’yP’ZP)
X =(X,Y,2)

—
n

General equation of the plane

prax+by+cz+d=0,a°+b°+c* =0

O=[0,00le p<=d=0,a°+b*+c* =0



Y=[0,q,0]

X=[p,0,0]

y

Intercept form of the equation of plane given by three
points X, Y, Z

AN A Z=1, p,q,r =0

P g r




Special positions - plane perpendicular to the coordinate
plane (parallel to the coordinate axis not in this plane)
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pPLR, plX
by+cz+d=0, b=0,c#0

pLR,.pllY

1R, pllz
pLRy. Pl ax+cz+d =0 az0,cz0
ax+by+d=0, a=0b=0 .
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Special positions - plane parallel to the coordinate plane

plIR,, icz+d=0, c#0

R,2=0

plIR,,:by+d=0, b=0

R,:y=0
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plIR,;ax+d =0, a=0
R, x=0
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Plane can be uniquely defined by one arbitrary point P
and two non-collinear direction vectors G,V

Any point in the plane can be determined as particular

linear combination of the plane direction vectors
— —

PX=t.u+s.v, t,seR



Symbolic parametric equations of the plane

PX=X —P=tutsv tseR

> >

X=P+t.u+s.v, t,seR

Parametric equations of the plane

N >
P =[Xp, Yp, Zp],U = (Uy, Uy, Ug), V = (V;, V,, V)
X=Xp+UlU +SV,
Yy =Yp+UlU, +8V,
Z=1p +1Us+SV;
X =[xv,2],t,seR



Mutual position of 2 planes

e parallel

— perpendicular to the same direction of their
normal vector N, no common points

a.ax+by+cz+d, =
prax+by+cz+d, =0
a‘+b°+c®=0
n=(a,b,c)

* Intersecting
— 1 common line, intersection — pierce line



Line can be determined uniquely as intersection
of two planes

pax+by+cz+d =0, a +b+c’#0

o, ax+by+cz+d, =0, a; +bi+c; #0
P=p.0p,

P,

‘ﬂ‘



Line can be uniquely determined by two different points, p = AB,
or one arbitrary point A and direction vector u

Any non-zero vector parallel to the line is a line direction vector.
Any vector determined by 2 points on the line can be determined
also as scalar multiple of the line direction vector

AX=ts, teR



Symbolic parametric equations of the line

AX=X—A=ts teR
X =A+ts teR

Parametric equations of the line
_)

A=[Xr,Ya,22],S =(8,5,,53)
y=Yatls,
Z — ZA ‘|‘t.83
X=[xY,z],teR



Mutual position of 2 lines
e parallel

_>
. N X, =A+uU.s;, UeR
— collinear direction vectors

- — —>
S, =K5,keR X,=B+V.s;, veR
* intersecting

— one common point R .
M =A-I—UM.S1=B-I-VM.82, Uy s Viy cR
* skew

— non-parallel, no common point
SN
5, k5, keR X,=A+U.s;, UeR

X,=B+Vv.s2, veR



Mutual position of line and plane
e parallel
— coplanar direction vectors

5, =k3, +15,k,1eR Xi=AtLs, TeR

— —

X,=B+U.S2+V.S3, UVeR
— perpendicular line direction vector s,

and plane normal vectorn=s,xs;, s,.n=0

* intersecting

— one common point
- -

-
M =A+t,.S1=B+u,,.S2+V,,.S3
t,,,Uy,,Vy, €R



Measuring distances

e Distance of two points
— Distance of point A = [X,, Yo, Zo]

and planeax+ by +cz+d=0
lax, + by, +czy +d|

d(A p) = ——
— Distance of point and line \/a tho+e
— Distance of parallel lines

— Distance of parallel planes ax+by+cz+d, =0

ax+by+cz+d,=0

d,—d
d(pl’pZ) ‘ ‘n‘ 2‘ n (a b C)




Measuring angles

* Angle of two lines Al,BV, cosg= ‘EHY‘
ui.|v
— Angle of line AU
and planeax+by+cz+d=0
. u.n
cosQ0" — @) = ‘UHq n=(a,b,c)

— Angle of two planesax+b,y+c,z+d; =0
a,x+by+c,z+d,=0

n,.n,

WiH

Cos(p) = N, =(&,b,¢).n, =(a,,b,,¢,)



